Polymer membranes incorporating carbon nanotubes (CNT) belong to two broad categories: Vertically aligned (VA-CNT) membranes, where the polymer acts solely as a matrix embedding an aligned forest of nanotubes, and thin film composite (CNT-TFC) membranes which incorporate randomly aligned nanotubes in their selective layer. The former can achieve orders-of-magnitude higher permeability than many commercial membranes but cannot be scaled up industrially. The latter are based on commercial technology but provide only modest flux increases. Furthermore, filtration in VA-CNT is based on steric hindrance determined by the tubes' diameter, whereas in CNT-TFCs, the tubes are embedded in the polymer with selectivity given by the polymer alone.
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Introduction
In membrane-based filtration processes, permeability and selectivity are considered key performance parameters and, in general, the increase of the former comes at the expense of the latter. Mixed-matrix membranes, where a second phase is added to a polymer matrix to enhance either characteristic, emerged as the most promising technology to further reduce the energy cost and improve performance of membrane-based filtration processes. Among the many materials considered as potential additives, carbon nanotubes (CNT) have attracted the most interest due to promise of ultra-low transport resistance. The first published molecular dynamics simulation of water flow inside a single-wall carbon nanotube (SWNT) with a diameter of 1 nm or less showed very high flow rates [1] , initially described in terms of ballistic transport [2] and attributed to the hydrophobicity of the nanotube's wall in respect to water [3] . As further modelling and experimental results have confirmed initial observations, interest shifted to measuring the performance of carbon nanotube membranes rather than flow in individual nanotubes [4] . A recent analysis by the authors shows that the orders-of-magnitude water high flow rates observed in single tubes do not automatically translate in orders-of-magnitude higher membrane permeability but rather smaller, yet still significant, increases [5] . This difference can be attributed primarily to the geometrical and structural characteristics of the CNT membranes, which, in turn, are a result of the fabrication methods available.
The first carbon nanotube membranes produced were all so-called vertically aligned carbon nanotube (VA-CNT) membranes: These were manufactured using an aligned array of CNTs produced via catalytic chemical vapour deposition on silicon/silicon oxide substrates. The array was then infiltrated with polymer [6] [7] [8] (or embedded within an inorganic matrix [9] ) to provide mechanical stability and prevent leaks, detached from the substrate and the tube ends opened. These membranes usually have a filtration area of 1 cm 2 or less [10] . These membranes also tend to have low tube density (equivalent to porosity), which decreases performance. A molecular dynamics study of highly-packed and aligned
SWNTs in a periodic cell has shown theoretical permeability increases of over 3 orders of magnitude compared to a commercial RO membrane with salt rejection close to 100% [11] . When the tube density
was reduced to what can be currently achieved experimentally, a much smaller permeability was
observed. An alternative technique deposited turbostratic carbon in the pores of alumina nanoporous
templates, creating what have been called nanopipe structures [12] . Unfortunately, none of these techniques can actually be scaled economically to a level where they can supply the wastewater membrane market [4] .
A more practical route has emerged, incorporating randomly oriented multi-wall carbon nanotubes (MWNTs) dispersions in the active layer of thin film composite (TFC) polymer membranes or polymeric matrices [13] . A large number of nanotube-polymer membranes have now been fabricated with varying performance: A 4-fold increase in permeability with no loss in salt rejection was observed in polyamide TFC membranes with 20 wt% MWNTs loading [14] compared to the virgin one. Another MWNT/PA TFC membrane saw a 6% decrease in flux compared to the reference without tubes but an increase in rejection for salt and humic acid (MWNT loading ~1 wt%) [15] . A 4-fold increase in flux was also observed for a 10wt% MWNT/chitosan membrane [16] , whereas a 2-fold increase was observed for randomly aligned MWNT/polyester TFCs [17] . A negligible increase in permeability, on the other hand, was observed for a MWNT/polysulfone (MWNT loading varying from 1 to 4 wt%) [18] .
Although most studies on CNT membranes have, so far, focused on maximizing permeability, some work has been done on CNT membrane selectivity, particularly salt rejection for RO applications. As steric-only rejection requires extremely small tubes with a negative effect on permeability -for example, to reject a 200 Da molecule a SWNT with diameter of 1 nm or less would be requiredfunctionalization of the nanotube inlet has emerged as a more practical alternative [19] . Charge-based selectivity was significantly increased when the tips of a MWNT-polymer membrane were functionalized with alkanes and amines, attached to the tubes via carboxylic defects created on the tubes' tips [20] . MD studies on CNT functionalization for seawater desalination have shown that the addition of charges on the tip of a 1.1 nm SWNT can reduce the passage of ions but at the expense of water permeability [17] . Another MD study showed the effect on salt rejection and permeability of a SWNT membrane of several different functional groups grafted onto the tube tips [11] . Results showed that functionalization reduced flux in all cases, with the largest reductions occurring for the bulkiest functional groups and those with the strongest charge density. For the same reasons, ion rejection increased in the functionalized tubes compared to the pristine ones.
All these large variations can be attributed to two main factors: first, carbon nanotubes are actually a family of materials, whose properties can vary significantly due to the synthesis process used, from geometrical characteristics (diameter and length) to the surface structure (from turbostratic to highly organized graphitic) to the surface chemistry (from hydrophobic to hydrophilic) [3, 21] . MD studies have confirmed that the presence of defects [22] , the structure of the tubes [23] and their length [24] all affect water flow through the tubes. A recent theoretical model by the authors has shown that these apparent discrepancies can be resolved by normalizing modelling and experimental flow rates for the tubes' geometrical characteristics and solid-liquid molecular interactions [23, 25, 26] . Second, as the tubes are randomly aligned (in TFCs), there is little to no control on the degree of orientation of the tubes, leading to varying performance [27] .
In this publication, a novel computational methodology, free of adjustable and empirical parameters, to maximize both water permeability and selectivity for functionalized carbon nanotube-polymer membranes, is presented. The aim is to provide a computational strategy to design bespoke CNTpolymer membranes for specific filtration applications, maximizing both permeability and selectivity.
As a demonstration of the proposed method, the functionalization of the tips of large multi-wall nanotubes with organic monomers to reject small solutes, difficult to separate from water, is presented.
Materials and Modelling Approach
An ideal MWNT-polymer membrane is considered in this modeling study where all the nanotubes are perpendicularly aligned to the membrane's surface in a polymeric matrix with no voids present between the polymeric matrix and the tubes (as in a VA-CNT membrane) but with the polymer matrix also contributing to permeability (as in a CNT-TFC). Two cases from the recent literature are used as reference, one a polyester TFC asymmetric membrane [17] and the second a chitosan porous membrane [16] both containing randomly aligned MWNTs embedded in the polymer with no direct access to the feed. For the first membrane, the thickness of the selective layer is approximately 500 nm with a total membrane area of 27 cm 2 . The measured pure water flux was ~10. 
Permeability optimization
When considering MWNTs, the thickness of the tubes has to be considered in the calculation of the effective CNT permeable area:
where n the total number of tubes vertically trapped in the membrane while d CNT is internal diameter of the MWNT. On the other hand, the membrane surface fraction occupied by the MWNTs is:
where mem A is the total membrane area, A CNT is the total area occupied by the MWNTs, and D CNT is the 'external diameter' of the MWNTs. The above relationships assume no size distribution for the nanotubes, a constant cross-section throughout their length and tortuosity, τ=1. With these assumptions, f is equivalent to a standard surface porosity and its maximum value is 0.74, following standard geometrical rules [11] . For the multi walled CNTs,
, whereas for a SWNT it is assumed [28] .
How liquid flow in CNTs can be described is a matter of current debate, as pointed out in the introduction. In this paper the uncertainty on which model to adopt is side-stepped by relying on numerical data extracted from a well-known molecular dynamics paper [29] as:
where q CNT is the flow rate in a single carbon nanotube and ΔP/L is the applied pressure gradient. α is a proportionality constant obtained from the numerical analysis of the aforementioned MD simulation that incorporates all effects of nanotube radius (here this radius is d CNT /2), structure, fluid viscosity and solid-liquid interaction on flow, without making them explicit. It is important highlight that this method is of general use and not limited to the conditions set in [29] , and it could be applied to flow data extracted from other publications for different liquids and/or tubes. The total flow rate of the MWNTcomposite membrane, f mem Q , , is defined as the sum of the water flow through the nanotubes and the water flow through the remaining free area of the membrane, i.e. the free membrane fraction area not occupied by the CNTs, (1 −f):
where Q mem,0 is the water flow of the pristine membrane which depends only on the operating conditions and membrane type. Dividing by
where the ratio 
where A mem is the experimental total area of the membrane and L/ΔP is defined by the corresponding experimental data.
Selectivity optimization
In this work, molecular sieving by carbon nanotubes is based solely on steric hindrance [30] . The selectivity of the MWNTs was evaluated through a morphological and topological analysis of the target compounds and the nanotube grafted with functional groups (FGs) on its tip. As reported in several steric-hindrance pore models, the sieving coefficient is generally evaluated as function of the ratio between solute and membrane pore size, obtained from experimental data [30, 31] . When the solute size is larger than the pore size, it cannot permeate through the membrane resulting in 100 % rejection.
However, when the pore inlet is decorated with chemical groups, it can be challenging to obtain an unambiguous pore size value, without resorting to simplifying assumptions and fitting procedures with the risk of losing the physical sense of the phenomenon. To address these limitations, in this work, an algorithm to evaluate the rejection of CNTs without introducing adjustable parameters is proposed. The algorithm is based on the computation of the fraction of the functionalized inlet area through which solutes permeate with no steric hindrance. Therefore, the rejection (R) of target compounds, here, is assumed to be proportional to
where is the maximum free area of the functionalized nanotube inlet and perm mol A , is the effective molecular permeation area (Fig. 1a) . The former is calculated considering the ensemble of CNT free inlet points. These are all the points on the inlet excluding the projections of the rigid spheres that constitute the functional groups atoms. Without FGs on the border of the nanotube, is reduced to the inlet area excluding the thickness of the carbon, hydrogen and hydroxyl atoms. When the FGs are present, is evaluated by the sum of the areas of the disjoint circular and annular grid sectors free of the projected FG spheres [32] . This means that the term represents the actual functionalized pore shape (Fig.1a) rather than an approximate one obtained via fitting, as in previous models. [32] . This approach ensures that the shape of the molecules is not lost when considering the MCS since it takes in account all the atom projections of the solutes.
The steric hindrance of a molecule in the vicinity of a pore inlet is minimal if it is placed according to its MCS, implying that if the molecule is rejected in this orientation, it will also be rejected in any other spatial orientation with respect to the nanotube's entrance [34] . For example, a top view of a functionalized CNT is shown in Figure 1 , in which the and It is worth noting that other factors can control the sieving, such as the flexibility of the FG spiro-centre and hydrogen bonding with the ether linkages. The flexibility of the spiro group and, in general, of the whole FG, is roughly taken into account by means of the energy difference between the initial geometry of FG and those obtained after the quantum optimizations or from the second derivative of the optimized FG total energy. In fact, the FGs equilibrium geometries are minima on the potential energy surface, thus the energy to distort these equilibrium geometries is related to the flexibility of these groups. Hydrogen bonds were not considered in this work and represent scope for future investigation.
Molecular models and computational details
A common low molecular weight therapeutic compound, rac-Fluoxetine, widely found in wastewater and whose removal is currently considered challenging, was selected as solute sample in this study, in addition to glucose, ethanol and water. Since the MWNTs selectivity is ruled by the size of the innermost carbon tube, only the functionalization of the MWNT inner inlet is considered. In particular, the functionalization of hydroxyl groups randomly arranged along a CNT inlet of 4.44 nm was modeled.
The choice of this diameter will be justified in the next section. As functional groups, monomers of polymers of intrinsic microporosity (PIM) [35] were considered for their controlled, rigid structures. The molecular rejection is based mainly on a size exclusion mechanism. A detailed description of the functionalization procedure can be found in the supplementary information section. In Fig. 2 The optimization of the FGs and solutes geometries (Fig. 2) was carried out at quantum mechanics level, in the framework of Density Functional Theory (DFT), by using the NWChem code [36] .
Exchange-correlation, X3LYP [37] , hybrid functional and large basis sets (6-311++G**) were used for the optimization of the solute geometries. Due to the large size of the proposed FG models, the optimization of their structures was carried out with relatively small basis sets (3-21G*). For the CNT model, whose Cartesian coordinates were frozen during the FG optimization, a minimal basis set was used. Specifically, an initial optimization was carried out considering the A or B hooks as shown in Fig.   S4 . In fact, it is important to emphasize, as will be pointed out in the next section, that the hook inclination is a key aspect to selecting the best functional chemical group as it determines the steric hindrance of the entire functional group. For this reason, the hook's inclination with respect to the pore plane was investigated in detail as shown in Fig.s S4 and S5 . Hence, based on the FG inclination and analyzing the 1-Σ values, a large number of FGs, such as oligo-ethylene glycol and silanes groups [38] [39] [40] (not reported here), were screened and discarded as unsuitable. The FGs based on PIM-1 monomers were instead chosen as providing the best combination of chain rigidity and coverage of the tubes' inlets. As noted in section 2.2 the optimization of the FGs provides equilibrium structures; as a result it is also possible to evaluate the FG stiffness by calculating the energy required to distort the FG from its equilibrium geometry, i.e. evaluating the second derivatives of the total energy. This analysis has shown that the PIM-1 monomers based FGs provide a good chain rigidity (not reported here).
The full geometries optimization of the PIM-1 monomer based FGs was carried out by means of the socalled ONIOM quantum approach [41, 42] . This quantum method enables different levels of DFT theory to be applied to different parts of the system. Precisely, the A and B hooks were taken into account at high-level theory, while the remaining parts of the FGs were treated at lower levels of theory, i.e. Slater /3-21G [43] . For the total energy convergence threshold, the energy gradients and the Cartesian atom displacements used in the geometry optimizations, the default criteria adopted by the NWChem code [36] were used in all the quantum-based calculations. NWChem 6.1 code provides scalable methods to treat scientific computational chemistry issues in efficient ways. Since the distortion of the solute geometry due to the presence of FGs attached to the edge of the CNTs is insignificant given their small size compared to the considered CNT inlet, in the subsequent analysis the optimization of their structures was carried out without considering the effect of the pore entrance.
Results and discussion

Permeability prediction
In Fig. 3 the permeability ratio versus f is presented for vertically aligned MWNTs within the selective layer of a TFC membrane. 
For a fixed external diameter of the MWNTs, according to Eq. 6 the water permeability depends linearly on the fraction of membrane surface area occupied by the tubes, f, which is related to the external tube diameter. To evaluate the dependence of the permeability on the internal MWNT diameter, one has also to consider Eq. (1). As a result, the change in the internal tube diameter, for a fixed external tube diameter, leads to a significant variation in overall permeability with an 8-fold increase in passing from 1.66 to 4.99 nm. Even more significant are the increments of permeability obtained by reducing the external diameter of tested MWNTs. In fact, in passing from external tube diameters of 35 to 15 nm, permeability increases 5-6-times for the same internal tube size and constant f. These results were achieved assuming no water flow through the interlayers between nanotubes in the MWNT. Through the relatively simple relation in Eq. (6), it is possible to optimize the external MWNT diameter as function of the performance required for a specific CNT membrane. (Fig. 3) , with an absolute value of ~ 900 LMH at 1 bar. The best permeability for the TFC with randomly oriented tubes used as reference [17] is ~ 3.6 LMH at 1 bar, compared to a value of ~ 1.8 LMH at 1 bar. The tubes in this work and in [17] have comparable inner diameters, while the former have a larger outer diameter than the latter, which works against the present case. One could argue that the difference might be due to a different volume fraction (or number) of tubes in the two membranes. Although in [17] the volume fraction of MWNTs in the membrane is not reported, a per mass comparison can be attempted: Assuming a CNT density of 1.4 g/cm 3 [28] , the mass of aligned MWNTs present in the present model membrane is estimated, from Eq. (2) and total membrane area, to be ~2.5 mg. In [17] , the authors used aqueous solutions containing from 0.2 to 2.0 mg MWNT /ml water in the preparation of the MWNT-TFC membrane. Therefore, and on a qualitative basis only, it appears reasonable to assume that the number of MWNTs in the two membranes is comparable, making the permeability comparison meaningful.
Similar simulations carried out for the asymmetric chitosan porous membrane showed remarkably different results: In fact, the inclusion of vertically aligned MWNTs results in a decrease of the total water permeability (Fig. 4) . This trend can be explained by considering that the virgin chitosan membrane itself is extremely water permeable and the addition of MWNTs only results in loss of its highly permeable membrane surface since the water cannot flow through the MWNTs interlayers. Thus, the water flow enhancement that would be provided by the innermost nanotube of the MWNT is not enough to compensate the loss in flow caused by the reduction of the permeable membrane surface.
This result highlights the importance of considering the nanotubes' wall thickness when evaluating the permeability of a membrane containing nanotubes.
An increase in water permeability could be achieved if thin MWNTs were used, as shown in Fig. 5 , where double-wall carbon nanotube of different dimensions [44] are considered, resulting, however, only in a modest increase in the overall permeability.
Moreover, it is worth noting that contrary to the TFC membrane, in this case the increase in overall permeability is not directly correlated to the internal nanotube diameter, because the same water permeability enhancement is achieved for internal diameters equal to 1.66, 3.33 and 3.88 nm, respectively.
As single-and double-wall nanotubes are significantly more expensive than MWNTs, it is reasonable to argue that the additional cost and complexity of incorporating S/DWNTs in membranes to increase their permeability is justified for low permeability membranes, such as the polyester TFC (Fig. 3) but not for those that already have a relatively high one (Fig. 5 ).
Figure 5.
Water permeability increase versus surface area fraction occupied by DWNTs, f, for a DWNT chitosan membrane with different internal and external diameters.
Selectivity prediction
As discussed in the introduction, two small molecules, rac-fluoxetine and glucose, difficult to separate from water have been selected for the selectivity analysis, plus ethanol whose separation from water has industrial relevance. The permeability analysis, carried out in the previous section, showed that the MWNT with internal diameters of 4.44 nm provides the best compromise between permeability enhancement, density of vertically aligned nanotubes and the inlet CNT's width for an effective functionalization. As such, it was decided to functionalize the 4.44 nm tubes to try to maximize selectivity while retaining the higher permeability.
When steric hindrance is considered as the driving force for molecular rejection, this can be assumed to Table 1 for each of the functionalization models tested (shown in Fig. 2 ). It is clear that the choice of the 4.44 nm tubes to maximize permeability has somewhat detrimental effects on their selectivity to small molecules. Nonetheless, significant increases in rejection were obtained compared to the un-functionalized tubes, where essentially no rejection was observed. In particular, an increase in rejection of a factor of 2.5 and 2 for rac-fluoxetine and glucose, respectively, compared to water was found when the A models were used. A smaller increase is found for ethanol-to-water rejection, for the same FGs steric hindrance, due to their more comparable MCS, as expected. When B models were used, the rejection enhancements were slightly reduced.
It is worth noting that the Σ − 1 values also provide accurate information on the structure-property relationship, in this case functionalization model-rejection. Consequently, using the proposed computational approach, molecular rejection of target solutes, for a fixed MWNT internal diameter, can be controlled by the number of the PIM-1 monomers (constituting the FGs) and in turn by the number of FGs anchored on the CNT inlet. For example, Table 1 shows that a sharp rejection of the racfluoxitine, 86 % with a rejection increase by a factor of 2.5 compared to water molecules, is achieved using the 3,1A IN . This sharp rejection is primarily caused by the orientation of the FGs with respect to the CNTs entrance, and not simply by the increased number of FGs from 2 to 3 (cfr. 3,1A IN and 3,1A OUT ). This conclusion is also confirmed by observing the rejections obtained using 2 or 3 FGs B type regardless of their monomer number.
In the permeability and selectivity optimization of MWNTs membranes, a key point is to maximize the rejection of solutes while at the same time maximizing the solvent (water) permeation, i.e. minimize the water entrance effect [47] . Therefore, although, 3,2B IN-OUT yields the highest rejection for racfluoxetine, the best rac-fluozetine-to-water rejection ratio is given instead by configuration 3,1A
IN
because using this functionalized model rac-fluozetine-to-water Σ − 1 ratio is bigger than the analogous ratio between the rejections obtained with the 3,2B IN-OUT .
Similar conclusions can be drawn for glucose and ethanol, with smaller ratios obtained for the latter.
Although commercial membranes with better solute-water rejection ratios than the ones reported here exist, the value of this work lies in the presentation of a novel design methodology to optimize both selectivity and permeability for CNT-polymer membranes without recourse to any fitting.
As anticipated at the end of section 2. respect to the un-functionalized tubes, using the more probable conformers carried out from the conformational analysis. Therefore, the novel proposed computational methodology can be used to estimate, through a comparative analysis but quantitative and rigorous, the steric effect of different functional groups to be used for decorating nanopores with rigid or well defined forms.
Conclusions
A novel computational method to optimize the selectivity-permeability of functionalized CNT-polymer membranes was presented in this study, with the aim of achieving a high rejection of organic solutes with low molecular weight without a marked fall in water permeability. MWNTs with specific internal and external diameters matching commercially available tubes were functionalized with PIM-1 monomer based groups. The methodology is of general use and requires no fitting parameter, only the chemical structure of the solute to test.
The permeability optimization showed that aligning the tubes can yield up to 3 orders of magnitude increase in flux compared to a virgin TFC membrane, whereas randomly aligned tubes only double the flux. The proposed computational method also revealed that in the selection of MWNTs, both the external and innermost tubes' diameters have to be considered to maximize permeability, since no water can flow through the tube's interlayers. This point was even more evident for a high flux chitosan membrane where the use of thick MWNTs induced a decrease in permeability whereas the use of thin DWNTs generated a modest increase in permeability.
A novel algorithm, free from any fitting (adjustable) or empirical parameters, is proposed to evaluate the steric hindrance due to FGs anchored on the CNT inlet. Using a large 4.44 nm diameter MWNT it was nonetheless possible to achieve high rejection of small solutes by functionalizing the tip of the MWNTs using the PIM-1 monomers, as functional groups. In recent years, many other PIMs have been synthesized with components that are more rigid than PIM-1; thus, the method proposed in this work allows predicting the rejection capabilities of these novel PIMs functional groups. The combination of a large tube diameter and tip functionalization could yield higher flow and rejection for a MWNTpolymer membrane, assuming that a suitable method to align the tubes perpendicularly to the membrane surface can be found and used on a large scale.
